Numerous studies have been conducted for magneto-rheological dampers, but the application of magneto-rheological dampers in seismic design is limited due to the lack of a systematical design procedure. In this article, a simplified analysis procedure is proposed to estimate the response of a single-degree-of-freedom structure with diagonal bracing and a magneto-rheological damper without performing the time history analysis. The proposed simplified analysis procedure is based on the equivalent linear system of a magneto-rheological damper. The equivalent damping ratio and the effective period of the single-degree-of-freedom system are determined from the loss factor and the effective stiffness of the magneto-rheological damper based on the quasi-static model. Design response spectrum is utilized to calculate the displacement of the single-degree-of-freedom system. The equivalent damping ratio and the effective stiffness of the singledegree-of-freedom system are dependent on the displacement of the system; thus, the proposed procedure is iterated until the displacement from the design response spectrum converges. The accuracy of the simplified analysis procedure is evaluated by comparing the estimated response from this procedure with the response from the time history analysis. The results show a good agreement between two methods, demonstrating the robustness of the proposed simplified analysis procedure.
Introduction
It is well-known that supplemental damping devices increase the energy dissipation capacity of structures, reducing the seismic demand on the primary structure Soong and Dargush, 1997) . Because of their superior energy dissipation capacity, researchers have developed design procedures for structures with supplemental damping systems. A structural system with supplemental dampers is often represented by an equivalent linear system. Kasai et al. (1998) obtained equivalent single-degree-of-freedom (SDOF) systems with viscoelastical (VE) and elastoplastical (EP) damped passive control systems by identifying the equivalent periods and damping ratios of structural systems considering the stiffness of diagonal brace. Kwan and Billington (2003) derived optimal equations for the equivalent period and damping ratio of SDOF systems with various nonlinear hysteresis loops based on time history analysis and regression analysis. Symans and Constantinou (1998) studied the dynamic behavior of SDOF systems with linear or nonlinear viscous fluid dampers and derived an equation for the equivalent damping ratio of the nonlinear viscous fluid damper. Ramirez et al. (2002) proposed a simplified method to estimate displacement, velocity, and acceleration for yielding structures with linear or nonlinear viscous dampers. Lin and Chopra (2003) investigated the behavior of SDOF systems with a brace and nonlinear viscous damper by transforming the system to an equivalent linear Kelvin model. Fan (1998) investigated the behavior of non-ductile reinforced concrete frame buildings with viscoelastic dampers. He derived an equivalent elastic-viscous model based on the complex stiffness and energy dissipation of the viscoelastic system and proposed a simplified design procedure for a structure with viscoelastic dampers. Lee et al. (2005 Lee et al. ( , 2009 ) applied this method to structures with elastomeric dampers and validated the simplified design procedure with numerical simulation results.
Magneto-rheological (MR) dampers are well-known semi-active dampers and have been extensively studied by numerous researchers (Chae et al., 2013a (Chae et al., , 2013b (Chae et al., , 2014 Du et al., 2005; Dyke et al., 1996; Spencer et al., 1997; Takesue et al., 2004; Wu et al., 2011; Yang, 2001; Yao et al., 2002) . Besides these studies, some recent studies related to the application of MR dampers in the area of mechanical engineering can be found in the following literatures (Castao et al., 2010; Lozoya-Santos et al., 2012; Piccirillo et al., 2014 Piccirillo et al., , 2015a Piccirillo et al., , 2015b Strecker et al., 2015; Tusset and Balthazar, 2013; Tusset et al., 2012) . One of the reasons for MR dampers to be widely used in research is because of its large dynamic range. The dynamic range is defined as the ratio of the maximum controllable damper force to the minimum controllable damper force (Yang, 2001) . The large dynamic range enables users to easily achieve a specific control force as they want using their own semi-active controllers. For example, a large-scale MR damper manufactured by Lord Corporation can generate a damper force at the input current of 2.5 A that is more than 10 times larger than a damper force at zero current (Chae, 2011) . Thus, users can easily achieve the damper force between the maximum and minimum forces by controlling the input current into the MR damper. This feature makes it easy to apply MR dampers to control the response of structures.
Although MR dampers have been widely used in the semi-active control community, however, there is a significant lack of systematic design procedure for structures with MR dampers, especially for the seismic application of MR dampers. A number of numerical simulations and trial-and-error procedures are generally involved in the design of structures with MR dampers, making it difficult to design a structure with MR dampers. In this article, a systematic analysis procedure for use in the seismic design of structures with MR dampers is developed, which is called the simplified analysis procedure. The proposed analysis procedure is based on the linearized system of MR dampers from which the effective stiffness and the equivalent damping ratio of an MR damper are determined. A quasi-static MR damper model for determining the loss factor and the effective stiffness of an MR damper is introduced, where the determined loss factor and effective stiffness are directly used to predict the behavior of an SDOF structure with an MR damper using the design response spectrum. Thus, the proposed simplified analysis procedure does not involve any complex nonlinear time history analysis, making the design procedure easy and simple. The performance of the proposed method is discussed and evaluated by comparing the predicted structural responses from the proposed method with those from the time history analysis of SDOF structures with MR dampers.
Quasi-static MR damper models
The quasi-static behavior of an MR damper is one that describes the behavior of an MR damper under constant velocity. The MR damper force is closely related to the velocity and the quasi-static behavior has a unique relationship between velocity and damper force. In this article, the quasi-static MR damper model is utilized to identify the equivalent damping ratio and effective stiffness of an MR damper.
The first quasi-static model considered in this article is a simple frictional model shown in Figure 1(a) . The force-displacement loop is of a rectangular shape and the damper force f is described as follows
where u and _ u are the damper displacement and velocity, respectively. The second quasi-static model is the Bingham MR damper model shown in Figure 1(b) . The Bingham plasticity model comprises a linear dashpot in parallel with a friction element; where the damper force is obtained as 
In equation (2), C is a dashpot coefficient. Due to its simplicity, the Bingham model has been used frequently to describe the dynamic behavior of a small-scale MR damper. The last quasi-static MR damper model considered is the Hershel-Bulkley model (Chae, 2011; Lee and Wereley, 2000; Wang and Gordaninejad, 2000) shown in Figure 1(c) . The damper force is given as
This model consists of a friction element in parallel with a nonlinear viscous dashpot. This damper model can simulate both a simple frictional model and the Bingham model by adjusting the values for C and n (i.e. C = 0 for the simple frictional model, n = 1 for Bingham model). The values of f 0 , C, and n are dependent on the current in the damper.
Energy dissipation of quasi-static MR damper model
For the simplified analysis procedure developed in this article, the energy dissipation of an MR damper is characterized by a quasi-static model. Since the HershelBulkley model can account for the behavior of the simple frictional model and the Bingham model by adjusting the values of C and n, the energy dissipation of the quasi-static MR damper model is calculated based on the Hershel-Bulkley model.
Suppose that the MR damper is under passive mode (i.e. under the constant current input) and subjected to a harmonic displacement motion
where u 0 is the amplitude of displacement and v is the excitation frequency of the damper. The energy dissipated by a passive controlled MR damper over one cycle of the harmonic motion E PS is equal to
Substitution of equations (3) and (4) into equation (5) and evaluation of the resulting integral result in
where
In equation (7), G() is the gamma function (Soong and Constantinou, 1994) . For the simple frictional model, the energy dissipation during one cycle of harmonic motion can be obtained by setting C = 0, whereby
By inserting n = 1 into equation (6), the dissipated energy of the Bingham model can be calculated as
When the MR damper is semi-actively controlled, the force-deformation hysteresis loop stays within that of a passive controlled MR damper with the maximum current as shown in Figure 2 . During the semi-active control of an MR damper, the command current for the damper is between the minimum and maximum currents (I min and I max ). Thus, the hysteresis loop under the semi-active control mode is bounded by the hysteresis loops for the two passive controlled cases with constant current inputs of I = I min and I = I max . Since the area within the hysteresis loop for a semi-active controlled MR damper is smaller than that for passive control with I = I max , the energy dissipated by the semiactive controlled MR damper E SA is defined as a linear interpolation between the energy dissipated under passive mode with the maximum current and with the minimum current
where E min PS and E max PS are the energy dissipation of the passive controlled MR damper defined in equation (6) with I = 0 and I = I max , respectively. u is a parameter between 0 and 1 whose value needs to be established from experimental observations of the damper characteristics associated with a given semi-active control law. 
Effective stiffness of MR damper
The effective stiffness of an MR damper, k eff , is used for estimating the equivalent damping ratio and the effective stiffness of a structure with MR dampers. The MR damper affects the period of the structure, and the effective stiffness of the MR damper needs to be defined appropriately. In this article, a secant method is used for the effective stiffness of the MR damper. The secant stiffness of a passive controlled MR damper is determined by the maximum displacement of the damper and its corresponding damper force, as shown in Figure 3 , where
In equation (11), f 0 is the damper force when the damper displacement is equal to the maximum displacement u 0 and is dependent of the current of the damper. Note that k eff depends on the displacement of the damper, meaning the effective period of the structure with an MR damper will depend on the amplitude of the structural response.
The effective stiffness of the semi-active controlled MR damper k SA eff can be obtained from a representative hysteresis loop for a semi-active control algorithm. The damper force of a semi-active controlled MR damper is always lower than the passive controlled MR damper with I = I max ; thus, k SA eff k max eff as shown in Figure 3 , where k max eff is the secant stiffness of the passive controlled MR damper with I = I max . k SA eff is expressed as a linear interpolation between the stiffness at maximum current and zero current
where k min eff and k max eff are the effective stiffness of the passive controlled MR damper with I = 0: and I = I max , respectively. x is a parameter between 0 and 1, whose value needs to be established from experimental observations of the damper characteristics associated with a given semi-active control algorithm.
Both parameters u and x for the semi-active controlled MR damper depend on the control algorithm for the MR damper. The hysteresis loop of the MR damper needs to be appropriately defined based on the characteristics of a given semi-active control law. The parameters u and x can be dependent on the maximum displacement, the maximum velocity, and the effective period of a structure. They can also be a function of the deployment of MR dampers in the structure. There may be many different ways to obtain a hysteresis loop for a given semi-active controller. One possible method is to subject an SDOF system with an MR damper under a harmonic displacement with an excitation frequency same as the effective frequency of the system. Under the harmonic displacement, the input current to the MR damper will have a cyclic variation in accordance with the given semi-active control law. Then, the variation in the MR damper force will be cyclic as well, resulting in a unique hysteresis loop for the given semiactive control law. Based on this hysteresis loop, E SA can be determined by calculating the area of the closed loop, and the corresponding u and x can be determined. In this case, a nonlinear time history analysis with a mechanical MR damper model needs to be used to define the representative values of u and x for the given displacement and effective period of a structure. Users can also directly find the effective period and the energy dissipation of the given semi-active controller from the hysteresis loop.
Although a method to determine u and x for a given semi-active controller is briefly provided above, its procedure can be challenging depending on a given semiactive controller and still needs to be studied more. Thus, the equivalent linear system for structures with MR dampers and the simplified analysis procedure of this study are based on the passive controlled MR damper with I = I max (i.e. u = x = 1:0). The equivalent linear system for structures with semi-active controlled MR dampers remains for a future study.
Equivalent linear system for SDOF system with MR damper and diagonal bracing 
where f is an MR damper force that is determined by the relative motion of x and y, and where y is the diagonal brace deformation in the horizontal direction. € x g is the ground acceleration. In Figure 4 , k 0 is the lateral stiffness of the frame and k br is the lateral stiffness of the diagonal bracing. The mass and the dashpot coefficient for viscous damping of the system are represented by m and c, respectively. The MR damper in Figure 4 is assumed to be passively controlled. The energy dissipation of the passive MR damper in the SDOF system is obtained using a procedure similar to the one previously described. The SDOF system is assumed to be subjected to a harmonic excitation, where
The damper displacement and velocity, u d and _ u d , respectively, are expressed as
Although x is a harmonic motion, the damper displacement u d is not harmonic because the nonlinear damper force results in a non-harmonic displacement y. For the simplicity of estimating the response of the SDOF system, the assumption is made that ''the maximum displacement, u d0 , and velocity, _ u d0 , of the MR damper occur when x and _ x are a maximum, respectively.'' This assumption greatly simplifies the estimate of the maximum displacement and velocity of MR damper. When the damper reaches its maximum displacement, the velocity of the damper _ u d is equal to 0 and the damper force becomes f 0 from equation (3). The diagonal bracing deformation y becomes y = f 0 =k br from equation (14). Therefore, considering the above assumption, the maximum displacement of damper u d0 is determined by substituting the diagonal bracing deformation into equation (16) 
When the velocity of the damper reaches a maximum value, the damper has a maximum damping force f max as can be seen in Figure 1(c) . The time derivative of f is 0 when f = f max . Hence, at this instant, _ y is 0 from the time derivative of equation (14). Considering the above assumption and equation (17), the maximum damper velocity _ u d0 has the same value as the maximum velocity
The above assumption, equations (18) and (19) are always true when the simple frictional MR damper model, that is, equation (1), is used as an MR damper model. Figure 5 shows a mechanical model for the simple frictional model combined with a diagonal bracing in series, which is subjected to a harmonic motion. Figure 6 shows the force-displacement relationship for the simple frictional model and the simple frictional model combined with a diagonal bracing in series (e.g. combined structure). The time history of displacements for the combined structure is presented in Figure 7 . During the transition from point O to point A, all the deformation of the combined structure is in the spring (i.e. diagonal bracing) and the frictional element is not deformed (i.e. u d = 0). When the force developed in the spring reaches f 0 , then the slip in the frictional element occurs and the spring has a constant deformation of f 0 =k br during the slip of the frictional element. The damper displacement and velocity during the slip are expressed as follows
The slip continues until x reaches its maximum value of x 0 at point B. Right after point B, the direction of x changes and the friction element is locked again. All the deformation is in the spring until the force of the spring reaches À f 0 at point C. Between point B and point C, the damper displacement is constant and equal to be u d = x 0 À f 0 =k br . After point C, a reverse slip begins in the friction element and the damper velocity becomes negative where the damper displacement is obtained to be u d = x À y = x 0 sin (vt) + f 0 =k br from equation (20). The slip of the friction element continues until x reaches its negative maximum at point D. After point D, the friction element is locked and has a constant displacement of u d = À x 0 + f 0 =k br until the spring force becomes f 0 at point E. The slip in the frictional element begins at point E and continues to point A of the next cycle.
It is obvious that the maximum damper displacement is obtained to be u d0 = x 0 À f 0 =k br , from Figure 7 and equation (20), and it occurs at the same time with the maximum displacement of x. The maximum damper velocity is equal to the maximum velocity of x (i.e. _ u d0 = _ x 0 = x 0 v), as can be determined from equation (21), and it occurs at t = p=v when the maximum velocity of x occurs.
When the Hershel-Bulkley model is used, it may be difficult to get an analytical solution for the damper displacement due to highly nonlinear terms in equation (3). The above assumption was made based on the observation from the simple frictional model and it makes it easy to derive a linearized system for structures with MR dampers. The accuracy of the above assumption is also compared with the result of nonlinear time history analyses later in this article.
Estimation of maximum displacement and damper force
Equations (18) and (19) provide basic information to enable the equivalent damping ratio and effective stiffness of the system to be calculated, making it possible to estimate the response of the structure using these structural properties and a given response spectrum. Substituting the maximum damper displacement of u d0 for the displacement amplitude u 0 into equation (6) results in
where E MRD is the dissipated energy of the passive controlled MR damper. If a semi-actively controlled MR damper is used, equation (10) can be used for E MRD . The strain energy of the passive controlled MR damper is calculated from the effective stiffness of the damper and the maximum damper displacement
The loss factor h of the MR damper by definition is
The equivalent damping ratio of the system, j eq , is calculated utilizing the lateral force energy (LFE) method (Sause et al., 1994) and is given as
where F is the force applied to the SDOF, F d is the force developed in the damper, and j i is the inherent damping ratio of the SDOF system. F and F d can be expressed in terms of the stiffness and displacement
where the stiffness of system, k total , is
If a semi-actively controlled MR damper is used, k eff can be calculated using equation (12) . By substituting equations (24) and (26) into equation (25) Because k total and u d0 are a function of x 0 , j eq of equation (28) is a function of x 0 and v for a given structural system and MR damper properties. If the excitation frequency is equal to the effective frequency of the system, v eff
then j eq is a function of only the maximum displacement of the system x 0 . Therefore, an iterative method needs to be utilized to estimate the maximum displacement x 0 of the system via a response spectrum, where the response of structure is characterized by an effective period T eff and the equivalent damping ratio j eq . Once the maximum displacement x 0 is determined, the maximum damper force can be calculated using equations (3) and (19)
Estimation of maximum total acceleration
The total acceleration of the SDOF system of Figure 4 , € x T , is obtained from equation (13), which is given as
Assuming the system is subjected to the harmonic motion of equation (15) with an excitation frequency of v = v eff , equation (31) can be rewritten as follows
where j i = c=(2mv eff ) is the inherent damping ratio of the system and tan f = 2j i . For a small value of j i , the maximum total acceleration € x T 0 occurs about the same time when the maximum displacement x 0 occurs since f ( 2p. In addition, (2j i ) 2 ( 1 and the MR damper force is f = f 0 when x 0 occurs; thus, € x T 0 can be approximated as
Figure 8 summarizes the solution procedure for estimating the maximum displacement x 0 , the maximum damper force f max , and the maximum total acceleration € x T 0 for an SDOF system consisting of an MR damper and lateral load resisting frame of stiffness k 0 . In this study, this prediction procedure is referred to as the simplified analysis procedure. The procedure in Figure 8 is for the passive controlled MR damper. For semiactively controlled MR damper, the equivalent damping ratio can be expressed using the parameters u and x of equations (10) and (17).
Assessment of simplified analysis procedure
To assess the accuracy of the simplified analysis procedure, the linear-elastic SDOF structure shown in Figure 4 is analyzed as the period is varied. The analysis results are compared to the results from time history analysis of the structure, where the Maxwell nonlinear slider (MNS) MR damper model (Chae et al., 2013a (Chae et al., , 2013b ) is used for the MR damper model in Figure 6 . The accuracy and robustness of the MNS model under realistic seismic demand are validated through real-time hybrid simulations (Chae et al., 2013c (Chae et al., , 2014 . The comparison was made with the response statistics of the time history analysis of the SDOF system involving the ensemble of the 44 ground motions, which are the farfield ground motions recommended by Federal Emergency Management Agency (FEMA) (2009). The response spectrum for the simplified analysis procedure is based on the design response spectrum in the IBC code (International Code Council (ICC), 2003) . The structure is assumed to be located on stiff soil (site class D) in Southern California. The spectral response acceleration parameters at short periods and 1.0 s period are based on the deterministic limit for maximum considered earthquake ground motion in the IBC code (ICC, 2003) and equal to S DS = 1:0 and S D1 = 0:6, respectively. The equivalent damping ratio of structures with supplemental damping devices will have a larger damping ratio than 5% which is used for a typical design spectrum. Therefore, it is required to reduce the spectral acceleration of the response spectrum using a damping reduction factor, such as B S and B 1 from FEMA (2000), for damping ratios greater than 5%.
The properties for the MR damper are given as follows: f 0 = 138:5 kN, C = 161:8 kN s=m, and n = 0:46. These properties represent the Hershel-Bulkley curve of the MNS model with a current input of 2.5 A for the large-scale MR damper in Chae et al. (2013a) . One MR damper is installed between the diagonal bracing and the beam of the frame. a is defined as the ratio of horizontal brace stiffness to the story stiffness k 0 . The lateral stiffness of diagonal bracing k br can be obtained from known values for k 0 and a. The inherent damping of the system is assumed to be j i = 5%. The period of structure without the MR damper is
The assessment of the simplified analysis procedure was performed for three different values for the equivalent damping ratio, namely, j eq = 0.10, 0.20, and 0.30. Six different periods are chosen for each value of j eq , namely, T n = 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 s. To define the structural properties, either k 0 or m needs to be specified for a given period T n . Table 1 T n = 0.5 s T n = 1.0 s T n = 1.5 s T n = 2.0 s T n = 2.5 s T n = 3.0 s values for mass corresponding to the selected natural periods and equivalent damping ratios, where a is assumed to be 10. For a given equivalent damping ratio j eq and a period T n , the mass of the SDOF system can be determined iteratively using the simplified analysis procedure given in Figure 8 . The unknown variables are m, k 0 , and x 0 . There are three known equations to solve these variables: (1) T n from equation (34), which is a function of m and k 0 ; (2) j eq from Step 5 of Figure  8 , which is a function of m, k 0 , and x 0 ; and (3) the updated value for x 0 from
Step 6 of Figure 8 , which is a function of m, k 0 , and current x 0 . Therefore, the mass that can satisfy the given equivalent damping ratio can be uniquely determined, which is provided in Table 1 .
The corresponding x 0 to the given m, j eq , and T n is plotted in Figure 9 .
With the damper and structural properties defined, a series of time history analysis involving the MNS model is performed and compared to the estimation by the simplified analysis procedure. The 44 ground motions by FEMA (2009) are scaled to the design basis earthquake (DBE). More detailed scaling procedures are provided in Chae (2011). Figure 9 compares estimations from the simplified analysis procedure with the time history analysis results for the maximum displacement, maximum damper force, and maximum total acceleration. The simplified analysis procedure shows good agreement with the time history analysis results. The vertical lines in the time history analysis represent the range of one standard deviation above and below the median value of the response for the 44 ground motions. The median value of the maximum displacement of the time history analysis closely matches the estimation from the simplified analysis procedure, where the displacement from the simplified analysis procedure shows a little conservative estimation. Table 2 shows the normalized errors of the simplified analysis procedure compared to the median values obtained from the time history analysis. The normalized error is determined using the following equation
where x e is the estimated quantity from the simplified analysis procedure andx is the corresponding median Simplified analysis procedure
Time history analysis (median) Figure 9 . Comparison of SDOF maximum displacement (x 0 ), maximum MR damper force (f max ), and maximum total acceleration (€ x T0 ) between the simplified analysis procedure and the time history analysis (a = 10).
value to x e obtained from the time history analysis. As shown in Table 2 , most of the estimated values from the simplified analysis procedure fall within the normalized error values less than 15%, demonstrating the capability of the proposed method along with Figure 9 . If the error is positive, the estimation is made conservatively; otherwise, it is underestimated. The estimated maximum damper force from the simplified analysis procedure shows good agreement with the median value from the time history analysis up to T n = 1:5 s. However, as the period of the structural system gets longer, the maximum damper force from the time history analysis is larger than the estimation from the simplified analysis procedure. This discrepancy in the maximum damper force is attributed to the use of the pseudo-velocity in calculating the maximum damper force in the simplified analysis procedure. The simplified analysis procedure uses a pseudo-velocity from the response spectrum for the calculation of the maximum damper force as can be observed in Step 8 of Figure 8 . The maximum damper velocity is assumed to be equal to the maximum velocity of x that is obtained from the pseudo-velocity of x. The pseudo-velocity response spectrum becomes constant when the effective period of structure is greater than a certain period (i.e. T S in FEMA, 2000) . This explains why the maximum damper force is shown to be a constant value for longer periods in Figure 9 . In addition, Hudson (1962) found that for longer periods the use of pseudo-velocity introduces more appreciable error, and for damping values 20% or more significant differences can also exist (Clough and Penzien, 1993) . To avoid errors introduced by the use of pseudo-velocity, the velocity correction factor (Ramirez et al., 2002) , which can account for the difference between the pseudo-velocity and actual velocity response under earthquakes, can be used instead. Although the maximum damper force is underestimated when the period is long, the results from the simplified analysis procedure appear to be sufficiently close to the results of time history analysis for design purpose.
In terms of the total maximum acceleration comparison, the total maximum acceleration from the simplified analysis procedure shows reasonably good agreement with that from the time history analysis. The accelerations by the simplified analysis procedure were also estimated to have the normalized errors less than 15% mostly, as can be seen in Table 2 . Overall, it is observed that the proposed simplified analysis procedure can make a reasonable prediction for the maximum structural displacement, maximum MR damper force, and maximum total acceleration response. Figure 10 shows the relationship between x 0 and u d0 which are obtained from the time history analysis with the 44 ground motions. The structural properties used for the time history analysis are T n = 1.0 s and m = 247 kN s 2 /m, where the equivalent damping ratio is calculated j eq = 20% as listed in Table 1 . The graphical representation of equation (18) is plotted as the dashed line in Figure 10 . When a = 0:5, equation (18) shows slight discrepancies with the time history analysis results, but it shows good agreement with the time history analysis results when the values of a are 1, 4, and 10, demonstrating that equation (18) describes well the relationship between x 0 and u d0 under earthquake ground motions. Similar results were also obtained for other T n and j eq . Figure 11 shows the relationship between _ x 0 and _ u d0 . The same structural properties and earthquake ground motions as for Figure 10 are used. The dashed line represents equation (19) and has good agreement with the results from the time history analysis. Although equations (18) and (19) show some discrepancies with the results from the time history analysis when a is less than 1, the prediction from the simplified analysis procedure appears to be reasonably made overall. Figure 12 illustrates the relationship of x 0 , f max , and € x T 0 with varying a values, where 12 different a values are used; for example, a = 0. 2, 0.3, 0.5, 1, 2, 3, 4, 6, 8, 10, 15, and 20 for the simulations. The vertical lines in the time history analysis represent the range of one standard deviation above and below the median value of the response for the 44 ground motions. The same structural properties and earthquake ground motions as for Figure 10 are used again. The maximum displacement, maximum damper force, and the maximum total acceleration are clearly affected by the value of a as observed in the time history analysis results. When a is larger than 4, x 0 , f max , and € x T 0 do not significantly vary with respect to a. If a is less than 1, however, x 0 and € x T 0 increase notably with decreasing a values while the damper force decreases, meaning the effectiveness of the MR damper is low when a is small due to the flexibility of diagonal bracing. This is consistent with the common design practice that the stiffness of the diagonal bracing needs to be large enough to effectively reduce the response of structure using dampers. The maximum damper force estimated by the simplified analysis procedure also shows good agreement with the time history analysis results when a.1. However, when a\1, the estimated damper force keeps increasing, while the damper force from the time history analysis decreases with decreasing a values. Since the simplified analysis procedure uses the pseudo-velocity associated with x 0 where x 0 monotonously increases with decreasing a values, the estimated damper force from the Figure 11 . Relationship between the maximum velocity of SDOF system (_ x 0 ) and the maximum damper velocity ( _ u d0 ) (T n = 1.0 s, j eq = 20%). simplified analysis procedure is not able to account for the decreased damper force when a is small. Overall, however, the predicted x 0 , f max , and € x T 0 from the simplified analysis procedure show good agreement with the time history analysis results.
Conclusion
In this article, a simplified analysis procedure for estimating the response of an SDOF system with diagonal bracing and an MR damper was developed. The purpose of this simplified analysis procedure is to enable the design of structures with MR dampers without performing a complex time history analysis. The simplified analysis procedure is based on an effective period and equivalent damping ratio of a linearized equivalent system. Then, a design response spectrum is employed to determine the displacement response of the structure. Since the effective period and the equivalent damping ratio are a function of the displacement response, an iterative method is used to find the final converged displacement. The accuracy of the simplified analysis procedure was assessed by comparing the estimated response with the results of time history analyses of the SDOF system. Overall, good agreement was observed between the prediction by the simplified analysis and the results from the time history analysis. The energy dissipation and equivalent stiffness of a semi-active MR damper were also studied in this article. The factors to describe the reduced energy dissipation and effective stiffness (i.e. u and x) were introduced based on an assumed hysteresis loop for the semi-active MR damper. These constants are dependent on a specific semi-active control algorithm used for the MR damper. Further studies need to be conducted to determine the appropriate u and x for the estimation of the response of structures with semi-actively controlled MR dampers.
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